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Abstract
A base B for a topological space X is said to be sharp if for every x ∈ X and every sequence
(Un)n∈ω of pairwise distinct elements of B with x ∈ Un for all n the set {⋂i<n Ui : n ∈ ω} forms a
base at x. Sharp bases of T0-spaces are weakly uniform. We investigate which spaces with sharp bases
or weakly uniform bases have point-countable bases or are metrizable. In particular, Davis, Reed, and
Wage had constructed in a 1976 paper a consistent example of a Moore space with weakly uniform
base, but without a point-countable base. They asked whether such an example can be constructed
in ZFC. We partly answer this question by showing that under CH, every first-countable space with
a weakly uniform base and at most ℵω isolated points has a point-countable base. Ó 2000 Elsevier
Science B.V. All rights reserved.
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A base B for a space X is said to be weakly uniform if for each countably infinite family
U ⊆ B and for each x ∈ X, if x ∈ U for each U ∈ U , then {x} =⋂U . Weakly uniform
bases were defined by Heath and Lindgren [8] and were further studied by several authors
(see, for example, [5,10]).
We also consider a closely related notion introduced by Alleche et al. (see [1]):
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Definition 1. Let X be a topological space, and let B be a base for X. We say that B is
sharp if for every x ∈ X and every sequence (Un)n∈ω of pairwise distinct elements of B
with x ∈Un for all n ∈ ω the set {⋂i<n Ui : n ∈ ω} forms a base at x .
It is easy to see that every sharp base is a weakly uniform base. We will give a positive
answer to the following question that was posed in [1]:
Question 2. Does every T2-space with a sharp base have a point-countable base?
We will say that B is 2-finite if {U ∈ B: {x, y} ⊆ U} is finite for each pair of distinct
points x, y ∈X.
Claim 3. Suppose X is a T0-space and B is a sharp base for X. Then B is 2-finite.
Moreover, B is weakly uniform if and only if it is 2-finite.
Proof. Immediate from the definition. 2
Corollary 4. If X is infinite and B is a weakly uniform base for X, then |B|6 |X|.
Theorem 5. If X is a T1-space with a sharp base, then X has a point-countable base.
Proof. We prove the theorem by induction on κ = |X|. In fact we show that a point-
countable base can be constructed from any sharp base B by removing a finite set from
each element U of B. Assume that κ is the minimum cardinality of a space with a sharp
base that does not yield a point-countable base in this manner. Clearly κ > ω. Assume that
X is such an example of cardinality κ and let B be a sharp base for X. Fix θ > 22κ and let
M denote an elementary submodel of Hθ of size less than κ such that B, X, κ ∈M .
Lemma 6.
(a) Every sharp base of a space X is point-countable at each nonisolated point of X.
(b) Every weakly uniform base in a first countable space is point-countable at each
nonisolated point.
Proof. Point (a) is Theorem 3.1 of [1]. Point (b) was proved in [8]. 2
Therefore we need only revise the sharp base to be countable at each isolated point.
Lemma 7. B ∩M is point-finite at each isolated point x ∈X \M .
Proof. Suppose not, and fix x ∈X \M isolated in X and {Un: n ∈ ω} ⊆ B ∩M such that
x ∈ Un for each n ∈ ω. Since B is a sharp base,{⋂
i<n
Ui : n ∈ ω
}
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is a base at x . Since x is isolated, there is an n ∈ ω such that ⋂i<n Ui = {x}. While the
entire set {Un: n ∈ ω} may not be an element of M , each finite subset {Ui : i < n} is in M .
And since {x} =⋂i<n Ui we get that x ∈M . Contradiction. 2
Lemma 8. If U ∈ B \M , then U ∩M contains at most one point.
Proof. Suppose not. Then there is a U ∈ B \M and distinct points x, y ∈X∩M such that
{x, y} ⊆ U . Since {V ∈ B: {x, y} ⊆ V } is an element of M but not a subset, it must be
infinite. This contradicts Claim 3. 2
Now we return to the proof of Theorem 5. Consider first the case that |B|< κ . Then we
may fix M ≺ Hθ such that |M|< κ , both X,B ∈M and B ⊆M . Having a sharp base is
hereditary. So {U ∩M: U ∈ B} is a sharp base for X∩M . By the minimality of κ , we may
fix finite FU ⊆U ∩M such that{
(U \ FU)∩M: U ∈ B
}
forms a point-countable base for X ∩M . Furthermore by Lemmas 6 and 7, we get that B
is point-countable at all points of X \M . Therefore
{U \FU : U ∈ B}
is a point-countable base for X.
Therefore we may assume that |B| = κ . Fix an ε-chain of elementary submodels
{Mξ : ξ < cof(κ)} such that |Mξ |< κ for each ξ < cof(κ) and:
(1) B, X ∈M0;
(2) X ⊆⋃ξ<κ Mξ ;
(3) Mξ =⋃η<ξ Mη, for each limit ξ ∈ κ .
For each ξ < κ letXξ =X∩Mξ+1. Note that sinceX is first countable,B∩Mξ+1 generates
a sharp base for the subspace topology on Xξ . Therefore, by minimality of κ , there are
finite sets FξU ⊆Xξ ∩U for each U ∈ B∩Mξ+1 (by Lemma 6 we may assume they consist
entirely of isolated points) such that{
U \ FξU ∩Xξ : U ∈ B ∩Mξ+1
}
forms a point-countable base for Xξ . Therefore
(a) {U \FξU : U ∈ B ∩Mξ+1 \Mξ } is point-countable at all points of Xξ .
By Lemma 8 we may also assume that
(b) U \FξU ∩Mξ = ∅ for each U ∈Mξ+1 \Mξ .
Also by Lemmas 6 and 7,
(c) B ∩Mξ is point-countable at all the points of Xξ .
Finally by Lemmas 6 and 7,
(d) B ∩Mξ+1 is point-countable at all points of X \Mξ+1.
Together (a)–(d) imply that
B′ =
⋃
ξ<κ
{
U \FξU : U ∈ B ∩Mξ+1 \Mξ
}
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forms a point-countable base forX. And B′ was obtained from B by deleting finitely many
points from each element of B. 2
The following corollary was proved by Peregudov in the more general case that X has a
weakly uniform base [10].
Corollary 9. Every locally compact Hausdorff space with a sharp base is metrizable.
It is known that ˇCech-complete spaces with point-countable bases need not be
developable (see [4]). More recently an example of a ˇCech-complete nondevelopable space
with a sharp base was constructed (Example 1 in [1]).
In [5] Davis et al. constructed an example of a Moore space with a weakly uniform base
but with no point-countable base from the assumption MA+ c > ℵ2, and asked whether
it is consistent that every Moore space with a weakly uniform base has a point-countable
base. This was also asked as Question 313 in [11]. Our next theorem partially answers this
question. While the present paper was in the publication process, Balogh, Davis, Just, and
Szeptycki showed that under V = L, every first countable space with a weakly uniform
base has a point-countable base.
Theorem 10. Suppose that X is a first countable space with a 2-finite base and let Y
denote the isolated points of X. Then if CH holds and if |Y | 6 ℵω, then X has a point-
countable base.
Proof. The proof is similar to the proof of Theorem 5 so we only present a sketch to
point out the main difference. Suppose that X has a 2-finite base B and suppose that
|Y |6 ℵω where Y is the set of isolated points of X. By Lemma 6(b), B is point-countable
at each nonisolated point of X. As in the proof of Theorem 5 we wish to construct a point-
countable base by deleting a finite set of isolated points from each element of B. Suppose
that X is a counterexample such that κ = |X| is minimal among all such counterexamples.
Assume that κ > ω1 (the case for ω1 is even easier). First note that since B is a 2-finite
base, |B| = κ . Fix an ε-chain{
Mα : α < cof(κ)
}
of elementary submodels of HΘ for a sufficiently large Θ such that
(1) X,Y,B ∈M0;
(2) |Mα|< κ for each α < cof(κ);
(3) Mδ =⋃α<δ Mα for each limit δ < cof(κ);
(4) each countable subset of Mα is an element of Mα for each α < cof(κ) that is either
a successor ordinal or of uncountable cofinality;
(5) B ∪ Y ⊆⋃α<cof(κ) Mα .
Elementary submodels that satisfy (4) are called countably closed. To construct
countably closed elementary submodels of size λ it suffices to have that λω = λ. Assuming
CH, ℵℵ0n = ℵn for each n ∈ ω. This is the only use of CH in the proof. Choose the finite
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set from each U ∈ B in precisely the same manner as in Theorem 5. Notice that the proof
of Lemma 8 only used that B is 2-finite. However, the proof of Lemma 7 required a sharp
base. Nonetheless, using the extra strength of clause (4), we can prove the same lemma
assuming only a 2-finite base:
Lemma 11. Suppose that B is a 2-finite base for a space Z. Suppose that M is of the
form M =⋃k∈ωMk , where each Mk a countably closed elementary submodel of HΘ for
a sufficiently largeΘ such thatMk contains both Z and B. Then B∩M is point-countable
at each point of X \M .
Proof. Suppose not and fix {Uξ : ξ ∈ ω1} ⊆M ∩ B and x ∈ X \M such that x ∈ Uξ for
each ξ ∈ ω1. There exists k such that Uξ ∈ Mk for uncountably many ξ . Without loss
of generality we may assume that {Un: n ∈ ω} ⊂ M0. Since M0 is countably closed,
{Un: n ∈ ω} ∈ M0. Therefore ⋂n∈ω Un ∈ M0. But ⋂n∈ω Un = {x} so x ∈ M0. This
contradicts x /∈M . 2
Note that in Lemma 11 we do not require the Mk’s to be pairwise different. So, in
particular, if M itself is a countably closed elementary submodel of HΘ containing Z and
B, the assumptions will be satisfied. Thus, all ourMα’s satisfy the assumptions for Z =X,
and we can reason as in the proof of Theorem 5. 2
The concept of a 2-finite base can be generalized in several directions. We call a family
U of sets 2-countable (2-finite), if every 2-point set is contained in not more than countably
(respectively, finitely) many elements of U . In a similar way one can define for any natural
number k the concept of a k-countable (k-finite) family. More generally, a family U of sets
is said to be of type λ in κ , or a λ in κ family, where κ and λ are cardinal numbers, if every
set of cardinality not less than λ is contained in less than κ elements of U . In particular,
k-finite families are k in ℵ0 families, and k-countable families are k in ℵ1 families.
Lemma 12. Let X be a set of cardinality 6 ℵ1 and let U be a 2-countable ((k + 1)-
countable) family of subsets of X. Then there exists a mapping f :U → X such that the
family U1 = {U \ {f (U)}: U ∈ U} is point-countable (k-countable).
Proof. Let k = 1. Let < be a well-ordering of X of order type ω1. Let f (U)= min(U),
for each U in U . For x ∈X let
Ux =
{
U ∈ U : x ∈ (U \ {f (U)})}.
If U ∈ Ux , then x ∈ U and f (U)=min(U) < x . Thus, every U in Ux contains at least two
different points of the countable set {y ∈X: y 6 x}. Therefore, Ux is countable and U1 is
point-countable at x . The argument clearly carries over to the general case. 2
We have a slightly more general result than Lemma 12 for which we need the following
notion. Let us call a space X weakly countably tight at x , if there is a countable subset A
ofX \ {x} such that x is in the closure of A. We say that X is weakly countably tight if X is
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weakly countably tight at every x ∈X. Of course, all spaces of countable tightness satisfy
this condition.
Theorem 13. If a weakly countably tight space Z of cardinality 6 ℵ1 has a (k + 1)-
countable base B, for some k ∈ ω, then Z has a point-countable base (which can be
obtained by removing from each element of B not more than k points).
Proof. For simplicity, let k = 1. Let
U = {V ∩X: V ∈ B},
where X is the set of all isolated points of Z, and let f and U1 be such as in Lemma 12.
Let f (∅) be any object not in Z. Then B1 = {V \ f (V ∩X): V ∈ B} is a base of Z at all
points of the set Z \X of all non-isolated points of Z, and it is point-countable at all points
of Z. Indeed, for points in X, this follows from Lemma 1, and for points in Z \X, we need
to apply the next observation.
Lemma 14. Let B be a k-countable base of a space Z for some k ∈ ω. Then B is point-
countable at every non-isolated point of Z at which Z is weakly countably tight.
Now to finish the proof of Theorem 13, we only need to add to the family B1 the family
of all open one-point subsets of Z. 2
Note that the above results hold in particular for the special case of k-finite families.
Our next result is a generalization of a result in [8].
Theorem 15. Every countably compact regular space X with a k-countable base B is
metrizable (and hence compact).
Proof. Let X, B be as in the assumptions. Consider the subspace Xt of X that consists of
all points of X at which X is countably tight. By Lemma 14, B is point-countable at each
point of Xt . We need the following observation.
Lemma 16. For any regular countably compact spaceX, the subspaceXt ofX consisting
of all points at which X is weakly countably tight is countably compact (in itself) and is a
dense subset of the set X0 of all non-isolated points of X.
By Lemma 16,Xt is a countably compact space with a point-countable base. According
to a classical result of Mischenko (see [9,2]), it follows that Xt is separable, metrizable,
and compact. By Lemma 16, Xt consists of all non-isolated points of X, while Lemma 14
implies that only countably many elements of B have a nonempty intersection with Xt .
Therefore,Xt is a Gδ-subset of X, and X has a σ -discrete base. Thus, according to Bing’s
classical criterion [3], X is metrizable. 2
Question 17. Is every regular countably compact (compact) space with an ℵ0 in ℵ1 base
metrizable? Is it at least first countable?
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The next example allows one to better appreciate Theorem 15 and Question 17.
Example 18. Let X = L(ω1) be the one-point Lindelöfication of ω1, i.e., the set ω1 + 1
topologized so that all α < ω1 are isolated and the sets Vβ = {α: β < α 6 ω1}, where
β < ω1, form a base of X at the point ω1. The family U = {Vβ : β < ω1} is obviously
2-countable. If we add to it all open one-point subsets of X, we obtain a 2-countable base
for X. The space X is Lindelöf, but not first countable. Indeed, the one-point set {ω1} is
not a Gδ-subset of X.
It is easy to see that in any space with a 2-finite base each one-point set is Gδ .
It is well known [13] that a pseudocompact space X with a point countable base need
not be metrizable. That adds interest to the following result:
Theorem 19. Let X be a pseudocompact ccc space with a point-countable base such that
the diagonal of X is Gδ . Then X is metrizable.
To prove Theorem 19, we need the following lemma.
Lemma 20. Every pseudocompact space X with a Gδ-diagonal is ˇCech-complete.
Proof. Since X has a Gδ-diagonal, there is a sequence (Un: n ∈N) of open coverings Un
of X such that
⋂{Un(x): n ∈N} = {x}, for each x ∈X, where Un(x)=⋃{U ∈ U : x ∈ U}
(see [7]). LetMn be the family of all open subsets U of βX such that U ∩X ∈ Un, and let
Wn =⋃Mn, for each n ∈N.
Put P =⋂{Wn: n ∈N}. It would suffice to show that P =X. Clearly, X ⊂ P .
Now take any y ∈ P \X. We can fix Vn ∈Mn such that y ∈ Vn, for each n ∈ N. Put
G=⋂{Vn: n ∈N}. ThenG \K is a nonemptyGδ set in βX, for any finite subsetK of X.
Since X is pseudocompact, it follows that (G \K)∩X 6= ∅ (see [6]). Therefore,G∩X is
an infinite set. Now choosing any two different points x ∈G∩X and z ∈G∩X, we arrive
at a contradiction: z ∈⋂{Un(x): n ∈N}. Hence X = P , and X is ˇCech-complete. 2
Proof of Theorem 19. Since X is pseudocompact and the diagonal of X is Gδ , by
Lemma 20 the space X is ˇCech-complete. By a result of Shapirovskij [14], the space X
then contains a dense subspace Y which is ˇCech-complete and paracompact. The diagonal
of Y is also Gδ ; therefore, Y is a paracompact p-space with a Gδ diagonal, and hence
metrizable (see [7]). Since Y is dense in X, we also have c(Y ) 6 c(X) 6 ℵ0. It follows
that Y is separable. ThenX is separable, and every point-countable base ofX is countable.
Therefore,X is metrizable as a regular space with a countable base. 2
Theorem 21. If X is a pseudocompact ccc space with a sharp base, then X is metrizable.
Proof. SinceX has a sharp base,X has a weak development [1], and therefore the diagonal
ofX isGδ . By Theorem 5, the spaceX has also a point-countable base. It remains to apply
Theorem 19. 2
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Note that Theorem 21 gives a partial answer to the following question posed in [1]:
Question 22. Is every pseudocompact space with a sharp base metrizable?
The question is natural and interesting because every pseudocompact space with a
uniform base is metrizable (see [12,15,16]), while as we have already mentioned, not every
pseudocompact space with a point-countable base is metrizable [13].
On the other hand, it is easy to show that the following is true:
Theorem 23. (MA + ¬CH) If X is a pseudocompact ccc space of countable tightness
such that the diagonal of X is Gδ , then X is separable.
Proof. LetX be as in the assumptions. SinceX is pseudocompact and the diagonal ofX is
Gδ , Lemma 20 implies that the spaceX is ˇCech-complete. By a result of Shapirovskij [14],
under MA+¬CH our assumptions about X imply that X is separable.
Note, that if we replace the assumption that X satisfies the ccc by the stronger
assumption that ℵ1 is a caliber of X, then we can drop the assumption of MA + ¬CH
in Theorem 23 while preserving the conclusion. 2
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